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We present a derivation of the holographic dual of logarithmic negativity in AdS3/CFT2 that
was recently conjectured in [Phys. Rev. D 99, 106014 (2019)]. This is given by the area of an
extremal cosmic brane that terminates on the boundary of the entanglement wedge. The derivation
consists of relating the recently introduced Re´nyi reflected entropy to the logarithmic negativity
in holographic conformal field theories. Furthermore, we clarify previously mysterious aspects of
negativity at large central charge seen in conformal blocks and comment on generalizations to generic
dimensions, dynamical settings, and quantum corrections.
Introduction.—The von Neumann entropy of the re-
duced density matrix is an excellent measure of the en-
tanglement between bipartite subsystems in a pure state.
In particular, it has played a major role in the under-
standing of how bulk geometry holographically emerges
from microscopic degrees of freedom in the AdS/CFT
correspondence. This is due to the fact that the von Neu-
mann entropy of a boundary subregion A is equal to the
area of the extremal bulk surface γA that is homologous
to A, [1–3]
SvN (ρA) =
area(γA)
4GN
, (1)
where GN is the bulk Newton constant. For mixed states
ρAB , the von Neumann entropy fails to serve as a cor-
relation measure because SvN (ρA) 6= SvN (ρB) and the
corresponding mutual information [IAB ≡ SvN (ρA) +
SvN (ρB)−SvN (ρAB)] fails to quantify the entanglement
between A and B. Rather, the mutual information cap-
tures classical correlations, such as thermodynamic en-
tropy, on top of the quantum correlations.
In general, one may be interested in characterizing the
entanglement structure of many-body systems in mixed
states. In particular, it is an interesting question to ask
if and how mixed state entanglement manifests itself ge-
ometrically in the bulk in AdS/CFT. For this purpose,
we study the logarithmic negativity, a suitable measure
of entanglement for mixed states [4], based on the posi-
tive partial transpose criterion [5–10]. While most mixed
state entanglement measures are defined in terms of in-
tractable optimization procedures, the logarithmic nega-
tivity is operationally defined and generally computable.
For a bipartite density matrix ρAB , the partial transpose
is an operation that transposes just one of the subsystems
〈iA, jB | ρTBAB |kA, lB〉 = 〈iA, lB | ρAB |kA, jB〉 , (2)
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where iA, jB , kA, and lB are bases for subsystems A and
B. The logarithmic negativity is then defined as
E(ρAB) ≡ log
∣∣∣ρTBAB∣∣∣
1
, (3)
where |O|1 = Tr
√
OO† is the trace norm.
With motivations from quantum error-correcting codes
and preliminary examples in 2D conformal field theory,
two of the authors conjectured that logarithmic negativ-
ity in holographic conformal field theories is dual to a
backreacted entanglement wedge cross section in asymp-
totically antide Sitter (AdS) space-times [11], giving a
concrete proposal for how mixed state entanglement is
geometrized in the bulk. In this Letter, we provide a
proof of the conjecture. For symmetric configurations,
we provide direct comparisons between conformal field
theory (CFT) computations of negativity and entangle-
ment wedge cross sections.
Holographic reflected entropy.—Additional quantities
have been shown to be related to the entanglement wedge
cross section in holographic theories, including the entan-
glement of purification, odd entropy, and reflected en-
tropy [12–15]. While each quantity is intriguing in its
own right, we will use the reflected entropy for our pur-
poses in deriving the holographic dual for logarithmic
negativity in AdS3/CFT2.
We start by reviewing the construction of the reflected
entropy and then state the conjecture for the holographic
dual of logarithmic negativity (13). Generically, mixed
density matrices may be decomposed into a sum of pure
states
ρAB =
∑
a
paρ
(a)
AB . (4)
We may then perform a Schmidt decomposition on each
pure state
ρ
(a)
AB =
∑
i,j
√
λ
(a)
i λ
(a)
j |i(a)〉 〈j(a)|A ⊗ |i(a)〉 〈j(a)|B . (5)
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2A canonical purification of the original mixed state may
then be constructed in the doubled Hilbert space HA ⊗
HA∗ ⊗HB ⊗HB∗
|√ρAB〉 ≡
∑
a,i,j
√
p(a)λ
(a)
i λ
(a)
j |i(a)〉A |j(a)〉A∗ |i(a)〉B |j(a)〉B∗ .
(6)
The reflected entropy is then defined by [15]
SR(A : B) ≡ SvN (ρAA∗), (7)
where SvN is the von Neumann entropy and ρAA∗ is the
reduced density matrix on HA ⊗ HA∗ . In holographic
conformal field theories, this was shown to be dual to
twice the area of the entanglement wedge cross section
[15]
SR = 2EW . (8)
This was proven for time reflection symmetric states us-
ing the Lewkowycz-Maldacena gravitational replica trick
[16]. It is natural to think that such a correspondence
holds in generic time-dependent settings. In fact, many
nontrivial checks of the time-dependent conjecture have
been performed in Ref. [17].
We consider the Re´nyi reflected entropies
S
(n)
R (A : B) ≡ S(n)(ρAA∗). (9)
As shown by Dong [18], the Re´nyi entropies are related
to the modular entropies which are dual to cosmic branes
in the bulk gravity theory
S˜(n) ≡ n2∂n
(
n− 1
n
S(n)
)
=
area(Cosmic Branen)
4GN
.
(10)
The cosmic branes are codimension-two objects with ten-
sion
Tn =
n− 1
4nGN
. (11)
The modular reflected entropies are then dual to twice
the area of cosmic branes that terminate on the entan-
glement wedge [19]
S˜
(n)
R ≡ n2∂n
(
n− 1
n
S
(n)
R
)
= 2
area(Cosmic Branen)
4GN
∣∣∣
EW
.
(12)
While this was not explicitly stated in Ref. [15], it is a
simple corollary of their gravitational construction of the
state |√ρAB〉.
Holographic negativity conjecture.—In Ref. [11], it was
conjectured that the logarithmic negativity in holo-
graphic conformal field theories is dual to a backreact-
ing entanglement wedge cross section. The conjecture
may be concisely stated in terms of the Re´nyi reflected
entropy as
E = S
(1/2)
R
2
(13)
for holographic conformal field theories. In the special
cases where both the subregion configurations and the
states are spherically symmetric, this backreaction may
be accounted for by [20]
E = XdEW , (14)
where Xd is a constant that depends on the dimension of
the CFT
Xd =
(
1
2
xd−2d
(
1 + x2d
)− 1) , (15)
xd =
2
d
(
1 +
√
1− d
2
+
d2
4
)
. (16)
We will consider 2D CFTs where X2 = 3/2. We will
explicitly compute the holographic negativity for disjoint
intervals in the vacuum state and a single interval at
finite temperature from conformal blocks, finding precise
agreement with (14).
Deriving holographic negativity.—We now provide a
simple derivation of (13) in 2D CFTs. We consider two
arbitrary subsystems
A =
nA⋃
i=1
[ui, vi] , B =
nB⋃
i=1
[wi, yi] . (17)
The logarithmic negativity in the vacuum state (and
generic conformal transformations from the vacuum) may
be computed by a correlation function of twist fields
E = lim
ne→1
log
〈
nA∏
i
(σne(ui)σ¯ne(vi))
nB∏
i
(σ¯ne(wi)σne(yi))
〉
.
(18)
See Ref. [21] for a thorough exposition of computing neg-
ativity in conformal field theory. The twist fields have
conformal dimensions
hne = h¯ne =
c
24
(
ne − 1
ne
)
, (19)
h(2)ne = h¯
(2)
ne =
c
12
(
ne
2
− 2
ne
)
, (20)
where h
(2)
ne are the double twist fields that arise when
fusing two twist fields of the same chirality. We compare
(18) to the correlation function of generalized twist fields
that computes half of the Re´nyi reflected entropy
S
(1/2)
R /2 = limm→1
lim
n→1/2
log
〈
nA∏
i
(
σgA(ui)σg−1A
(vi)
)
×
nB∏
i
(
σgB (wi)σg−1B
(yi)
)〉
CFT⊗mn
. (21)
3These generalized twist fields have the action of moving
fields between sheets in two directions labeled by m and
n. The gBg
−1
A twist field does not appear in the correla-
tion function, rather in the conformal block, as it is the
lowest weight primary operator in the operator product
expansion (OPE) of gB and g
−1
A . For more precise def-
initions, see Ref. [15]. The generalized twist fields have
conformal dimensions
hgB = hg−1A
=
cn(m2 − 1)
24m
, (22)
hgBg
−1
A
=
2c(n2 − 1)
24n
. (23)
The conformal dimensions, positions, and dominant in-
termediate channels of the operators in (18) and (21) pre-
cisely match. Thus, in the limit of large central charge,
we confirm (13) for the class of states that may be ob-
tained by conformal transformations from the vacuum.
For completely generic states that include primary oper-
ator insertions, we are also able to confirm (13), though
we leave the details to the Supplemental Material.
Symmetric examples.— In symmetric configurations,
we may use the simplification of (14). First, we focus on
the negativity of disjoint intervals in the vacuum. The
negativity is a conformally invariant quantity [22] and
computed by
E = lim
ne→1
log 〈σne(∞)σ¯ne(1)σ¯ne(x, x¯)σne(0)〉 , (24)
where we set the two intervals to A = [0, x] and B =
[1,∞] for simplicity. We restrict ourselves to the holo-
graphic CFTs where the correlator can be approximated
by a single conformal block. In the x → 1 limit, the
exchange operator is the identity and negativity is iden-
tically zero [21, 23]. We are thus concerned with the
x→ 0 limit where the exchanged operator in this block,
σ2ne , has a conformal dimension of the order of c; there-
fore, the explicit form is unknown. Nevertheless, we can
use the Zamolodchikov recursion relation [24, 25] to eval-
uate the conformal block numerically to arbitrarily high
precision.
On this background, the negativity should be com-
pared to the entanglement wedge cross section, which
is given by [12]
EW =

c
6
log
1 +
√
1− x
1−√1− x, 0 < x < 1/2,
0, 1/2 < x < 1.
(25)
In Fig. 1, we show the entanglement wedge cross sec-
tion and the negativity calculated by the Zamolodchikov
recursion relation. One can immediately find that the
negativity perfectly matches the minimal entanglement
wedge cross section. This result resolves the mysteries
that arose when computing (24) using less direct ap-
proaches in Refs. [11, 23, 26].
FIG. 1. The blue line is the negativity that comes from the
Virasoro block computed to order q500 using Zamolodchikov’s
recursion relation where q is the elliptic nome. The yellow line
shows the minimal entanglement wedge cross section (25).
Here we set c = 10 and  = 10−2, and in this plot, we divide
these quantities by c to rescale.
We progress to the negativity of a single interval of
length l at finite temperature β−1, which can be calcu-
lated by [27] [28]
E = lim
L→∞
lim
ne→1
log
(
〈σne(−L)σ¯2ne(−l)σ2ne(0)σ¯ne(L)〉β
)
× (2)4h(2)ne
(
Cσne σ¯2neσne
)2
=
c
2
log
(
β
2pi
e
pil
β
)
+ lim
L→∞
lim
ne→1
log 〈σne(∞)σ¯2ne(1)σ2ne(x, x¯)σ¯ne(0)〉 ,
(26)
where  is an UV regulator, and the cross ratio is given
by
x −−−−→
L→∞
e−
2pil
β . (27)
We may fix the OPE coefficient in the replica limit by
considering the pure state limits of (18) and (21)
lim
ne→1
Cσne σ¯2neσne = 2
c/2. (28)
In the holographic CFT, this four-point function can
be approximated by a single conformal block. The dom-
inant conformal block has two candidates.
(i) s channel: In the semiclassical limit, the s channel
block is simplified because the only contribution to the
intermediate state is the primary exchange [29]. Thus,
the approximated correlator is given by∣∣∣∣∣∣
௡೐
ଶ
௡೐
௡೐
ଶ
௡೐
௡೐
∣∣∣∣∣∣
2 (
Cσne σ¯2neσne
)2
−−−−→
ne→1
∣∣x c8 ∣∣2 2− c2 .
(29)
Substituting this into (26), we obtain
E = c
2
log
β
pi
. (30)
4(ii) t channel: The t channel block is just the HHLL
block [29, 30], whose explicit form is given by
FHHLL (0|1− z) =
z2hL
(1− z)2hH F
LL
HH(0|1− z)
=
zhL(δ+1)
(1− z)2hH
(
1− zδ
δ
)−2hL
,
(31)
where δ =
√
1− 24c hH . Using this, we obtain∣∣∣∣∣∣∣∣ ௡೐ଶ
௡೐
௡೐
ଶ
௡೐
∣∣∣∣∣∣∣∣
2
−−−−→
ne→1
(1− x) c2 . (32)
This leads to the negativity
E = c
2
log
(
β
pi
sinh
pil
β
)
. (33)
Thus, we can conclude that the negativity at finite
temperature is
E = min
[
c
2
log
β
pi
,
c
2
log
(
β
pi
sinh
pil
β
)]
. (34)
This result perfectly matches the minimal entanglement
wedge cross section in the Ban˜ados Teitelboim Zanelli
black hole geometry [12] upon using (14).
Discussion.—In this Letter, we have derived the holo-
graphic dual of logarithmic negativity in AdS3/CFT2,
confirming the conjecture from Ref. [11]. There are sev-
eral directions for future understanding. In particular, it
is important to prove the holographic conjecture in higher
dimensions. 3D gravity and 2D conformal field theory are
quite special, so we are far from a complete derivation.
Such a derivation may require a clever implementation of
the gravitational replica trick for the partially transposed
density matrix or a comparison of correlation functions
of higher-dimensional twist operators for negativity and
Re´nyi reflected entropy. Furthermore, the reflected en-
tropy is not proven to (though it is believed to) be dual to
the entanglement wedge cross section in generic dynami-
cal settings. Because we have used the reflected entropy
as a crutch in our derivation, the dynamical proposal for
logarithmic negativity in AdS3/CFT2 is also still con-
jectural. Finally, it would be interesting to investigate
quantum corrections to the holographic formula in the
sense of Ref. [31]. General expectations and hints from
error-correcting codes lead us to guess that the leading
correction comes from the logarithmic negativity between
the bulk fields on either side of the entanglement wedge
cross section.
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SUPPLEMENTAL MATERIAL
We consider normalized states created by generic operator insertions
|ψ〉 =
∏nO
i Oi(xi) |0〉〈∏nO
i [Oi(xi)]†Oi(xi)
〉1/2 (35)
The negativity is then computed as
E = lim
ne→1
log
〈∏nA
i (σne(ui)σ¯ne(vi))
∏nB
i (σ¯ne(wi)σne(yi))
∏nO
i
[O⊗nei (xi)]†O⊗nei (xi)〉
CFT⊗ne(〈∏nO
i [Oi(xi)]†Oi(xi)
〉)ne . (36)
This should be compared to the Re´nyi reflected entropy which has a different normalization due to the canonical
purification procedure and computed by the following path integral (see Ref. [15] for further details)
S
(n)
R =
1
1− n limme→1 log
Zn,me
(Z1,me)n
, (37)
where the replica partition function is defined by
Zn,me ≡
〈
nA∏
i
(σgA(ui)σg−1A
(vi))
nB∏
i
(σgB (wi)σg−1B
(yi))
nO∏
i
[O⊗meni (xi)]†O⊗meni (xi)
〉
CFT⊗men
. (38)
We use the notation me to remind the reader that we are taking the limit from even integers to one. In the following,
we will show the negativity matches a half of the Re´nyi reflected entropy at index 1/2,
S
(1/2)
R
2
= lim
me→1
log
Z1/2,me
(Z1,me)1/2
. (39)
These correlation functions appear, for example, when studying the reflected entropy following a local quantum quench
or in a heavy state [17]. There is a subtlety that we must discuss regarding the structure of the primary operators in
the replica theory. For the negativity, the operator O⊗ne has the tensor structure
O⊗ne = O⊗ne/2(1) ⊗O⊗ne/2(2) , (40)
6where the subscript 1(2) implies that the operator acts like the local primary operator O on the odd (even) numbered
sheets and the identity on the even (odd) sheets. Analogously, this is how the double twist field (for ne) decomposes
in general
σ2ne = σ
(1)
ne/2
⊗ σ(2)ne/2. (41)
For the reflected entropy, the decomposition is
O⊗men = O⊗n(0) ⊗ · · · ⊗ O⊗n(me/2) ⊗ . . . (42)
where the subscript labels the replica copy in the me direction where the operator acts. The key point is that in the
me → 1 limit, the operator O⊗men does not reduce to O⊗n as one would naively expect but rather the square
lim
me→1
O⊗men = O⊗n(0) ⊗O⊗n(1/2). (43)
Similarly, this is how the twist operators from Ref. [15] reduce in the limit
lim
me→1
σg−1A gB
= σ(0)n ⊗ σ(1/2)n . (44)
As a result from this squaring, we obtain the squared correlation function,
lim
me→1
Z1,me =
〈
nO∏
i
[Oi(xi)]†Oi(xi)
〉2
(45)
One can find that substituting this into the denominator of (39) completely reproduces the denominator of (36). Note
that this is crucial for the Re´nyi reflected entropy to reduce to twice the Re´nyi entropy for pure states, which is a
true statement for any quantum state. We also stress that these operators do not interact with one another, just as
the operators for negativity on opposite parity sheets did not interact. This leads to a decoupling of the components
of the conformal blocks e.g.
〈σ(1)ne/2 ⊗ σ
(2)
ne/2
| O⊗ne/2(1) ⊗O⊗ne/2(2) |σ(1)ne/2 ⊗ σ
(2)
ne/2
〉 = 〈σ(1)ne/2| O
⊗ne/2
(1) |σ(1)ne/2〉 〈σ
(2)
ne/2
| O⊗ne/2(2) |σ(2)ne/2〉 , (46)
〈σ(0)n ⊗ σ(me/2)n | O⊗n(0) ⊗O⊗n(me/2) |σ(0)n ⊗ σ(me/2)n 〉 = 〈σ(0)n | O
⊗n
(0) |σ(0)n 〉 〈σ(me/2)n | O⊗n(me/2) |σ(me/2)n 〉 . (47)
Then, in the appropriate ne → 1, n→ 1/2,me → 1, c→∞ limit, both the numerators of (36) and (39) are described
by precisely the same conformal blocks, hence confirming (13) of the main text for generic states in AdS3/CFT2.
This decoupling is further justified by calculations of the reflected entropy in holographic and rational CFTs that are
consistent with known facts [17, 35].
